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On the spectrum of the operator which is a 
composition of integration and substitution 

by 

Ignat Domanov (Donetsk) 
Abstract. Let </> : [0, 1] — [0, 1] be a nondecreasing continuous function such 

cf>{x) 

that (j){x) > X for ah x € (0, 1). Let the operator : f{x) J f{t)dt be 



defined on L2[0, 1]. We prove that has a finite number of non-zero eigenvalues 
if and only if 0(0) > and — e) = 1 for some < e < 1. Also, we show that 
the spectral trace of the operator always equals 1. % 
1. Introduction. 



It is well known that the Volterra integration operator V : /(x) — )■ 

^ ' / f{'t)dt defined on L2[0,l] is quasinilpotent, that is, criV) = {0}. Let 

o3 ! G C[0, 1] such that 0(0) = 0. It was pointed out in [H] and [TU] that an 
operator defined by 



</,(x) 

V^: f{x)^ j f{t)dt (1.1) 



in 

■ is quasinilpotent on C[0, 1] whenever 0(x) ^ x for all x G [0, 1]. 

Let : [0, 1] — )■ [0, 1] be a measurable function and let : Lp[0, 1] — > 
Lp[0, 1] (1 ^ p < oo) be defined by fll.ip . It was proved in [12] and [13] 
^ \ that Vff) is quasinilpotent on Lp[0,l] if and only if (j)[x) ^ x for almost 
all X G [0,1]. It was noted in |T3] and proved in [15] that the spectral 
00 ! radius of ( defined on Lp[0, 1] or C[0, 1]) is 1 - a (0 < a < 1). The 
detailed investigation of the spectrum of the operator was done in [1], 
O ■ where it was shown that the point spectrum apiVx^) of V^c« is simple and 
^ (Tp(\4c«) = {(1 — a)a"~^}J^P The oscillation properties of the eigenfunctions 

of also were investigated in [1]. 
^ ' The aim of this paper is to prove the following theorem. 

H ' 

Theorem 1.1. Let : [0, 1] — > [0, 1] he a nondecreasing continuous func- 
tion such that 0(x) > x for all x G (0, 1), and he defined on Iv2[0, 1] hy 
ffTTD . Set also (yp{V^) \ {0} = {\n}n=i (1 < w < oo). Then: 

(1) a; < oo if and only if 0(0) > and 0(1 — e) = 1 for some < e < 1; 

(2) hm E A„ = 1; 

(3) E < OO for alle> 0. 

n=l 
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The order of the material is as follows. 

In section 2 we recall some classical results in the theory of trace-class 
operators, in the theory of Fredholm determinants and in the theory of entire 
functions. In section 3 we calculate the Fredholm determinant Dv^{X) of 
the operator V^. In section 4 we estimate the order of growth of Dy^^X) and 
prove Theorem 11.11 It turns out that the matrix trace of the operator is 
not defined, but the spectral trace of does not depend on (p and always 
equals 1. This contrasts with the fact that (Jp{Vx) = {0}. We find also 
the spectral(= matrix) traces of the and V^. In section 5 we assume 
that (f) : [0, 1] — y [0, 1] is a strictly increasing continuous function such 
that card{x : (j){x) = x} < oo and describe the spectrum of V^. Then we 
consider defined on the space Lp[0, 1]. 

2. Preliminaries. Here we recall some facts about trace class opera- 
tors, Fredholm determinants and entire functions. 

2.1. Let be a compact operator defined on an infinite dimensional 
Hilbert space Sj. Let Sn{K) {n > 1) be the eigenvalues of KK*. The 

oo 

operator K is said to be of class Sp if ^ Sn{Ky < oo. The trace trK of an 

n=l 

oo 

operator G Si is defined as its matrix trace: trK = YH^^ny^n), where 

n=l 

{en}'^=i is some orthonormal basis. It is known that trK does not depend 

oo 

on the choice of {en}'^=i and the series ^ {Kcn, e„) converges absolutely. 

n=l 

The celebrated theorem of Lidskii (see says that the matrix trace of an 
operator G Si is equal to its spectral trace, which is defined as the sum 
of eigenvalues of K (counted with the algebraic multiplicity): 

oo UJ 

trK = J2iKen,en) = Y,^n, w < oo. (2.2) 



n=l n=l 
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Let K be an integral operator: {Kf){x) = J k{x,t)f(t)dt on L2[0, 1]. It 



is well known (see [1]) that if k{x, t) is a continuous function on [0, 1] x [0, 1], 
then i^' G Si and trK is given by the integral of its diagonal: 

1 

trK = I k{t,t)dt. (2.3) 





2.2. Now let k{x, t) be a bounded function on [0, 1] x [0, 1]. By definition, 

put 

-1)" 



DK{X):=y2^-^A^X-, (2.4) 



n=0 



2 



where Aq := 1 and 



K{ti, . . . ,tn) := det 



, tfi^d,t\ . . . dt. 

.. k{ti,tn)\ 



(2.5) 



for n > 1. The function Dk{^) is called the Fredholm determinant of K. 
Recall (see [HI El [U] ) that: 



111 1 

(i) An = n\j j j ... j K{ti,...,tn)dtn...dti, 

ti t2 



n > 1; 



(2.6) 



(ii) Dk{X) is an entire function of A of the order p < 2; 

(iii) Dxifi*) = if and only if A* := G (rp{K) and the multiphcity 
of root of the Fredholm determinant of K is equal to the algebraic 
multiplicity of the eigenvalue A*. 

2.3. From Hadamard's theorem (Th 1, p. 26, [?]) and Lindelof's theorem 
(Th 3, p. 33, [7J), we get the following 

Theorem 2.2. Let f{z) be an entire function of order p/ < 1 and type 
(jf < oo. Let also {an}'^^i {uj < oo) be all roots of f{z) and /(O) = 1. Then 

LU OO 

«/P/ = 1; = and XI 1^ < then u = oo, f{z) = H (1 - ^) 



n=l 



n=l 



[II 



n=l 

^fpf < 1, then f{z) = Y[{1 - and t ^ = -/'(O); 

n=l n=l 

LU 

(Hi) if pf = 0, then ^ < oo for each e > 0; 

n=l 

oo 

[iv) if Pf = 1, af = and J2 = 

n=l 
oo X s 

then f{z) = e"^ n ~ '^j ^'"'^ limsup ct + XI 

n=l ^ r^-oo |a„|<r 

In particular, limsup X] ^ ) = — ~"/'(0)- 

r-^oo Y|a„|<r""y 

UJ 

(^) J2 \a„\^+e < oo for each e >0. 

n=l 

3. The Fredholm determinant of the operator V^. We begin with 
an auxiliary lemma. 
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Lemma 3.3. Let A = {aij)^j^i be an n x n matrix all of whose elements 
are or 1 and aij = 1 for I < j < i < n. Then 



detA = Y[{l-ai_u) 



i=2 



1, tti-ii = for 2 < i < n, 
0, otherwise. 



Proof. The proof is trivial. □ 

Theorem 3.4. Let (p : [0, 1] — > [0, 1] be a nondecreasing continuous func- 
tion such that (f){x) > x for all x G (0, 1). Let also be defined on L2[0, 1] 
by dLH). Then 



11 1 

OO /* /* /* 

Dy^{\) = l + Y.{-ir\- j J ■■■ J dt^...dt,. (3.7) 

cf>{U) </.(t„_i) 



1 

Proof. It is clear that (y^f){x) = J k{x,t)f{t)dt =: {Kf ){x), where 





k{x,t) = x{(p{x) -t) 



1, 0(x)>t; 
0, Six) < t\ 



Assume that < ti < t2 < ■ ■ ■ < tn < 1. Then k{ti,tj) = 1 for 1 < j < 
i <n and the matrix ik(ti,tj))^j^^ satisfies the assumptions of Lemma 13.31 

n 

Hence, K{ti,...,tn) = 11(1 - KU-i^U))- Further, using (I23D,(I23D, and 
fl^ we get 

111 1 _ 

Ar, = n 




/n(i-M<.-..<.))<...A.="!/i<...*. 



il t2 in-1 * ^ fin 

where 

:= {{ti, . . . , tn) : < ti < ■ • • < t„ < 1, k{ti, ta) = • ■ ■ = k{tn-i, tn) = 0} 

= {(tl, . . . , tn) : < ti < 0(ti) < t2 < 0(t2) < ■ ■ ■ < 0(tn-l) < tn < !}• 

That is 

11 1 

An = n\ ■■■ / dtn---dti, n > 1. 



<^(t„_i) 

This completes the proof. □ 
4. The spectrum of the operator V^. 

The following Proposition immediately follows from Theorem 13.41 

Proposition 4.5. Let cf) : [0, 1] — > [0, 1] be a nondecreasing continuous 
function such that > x for all x G (0, 1). Then crp(V^) fl M_ = {0}. 
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Lemma 4.6. Suppose : [0, 1] — > [0, 1] is a nondecreasing continuous 
function and > x for x G (0, 1); then the following conditions are 
equivalent: 

(i) 0(0) > and 0(1 — e) = 1 for some < £ < 1; 

(a) there exists a unique N = N{(f)) G {2,3,...} such that 0^(x) : = 
.0(x))) = 1 for all X G [0, 1] and 0^~^(a;o) 7^ 1 for some Xq G [0, 1). 



Proof. The proof is left to the reader. □ 

Theorem 4.7. Let : [0, 1] — > [0, 1] be a nondecreasing continuous func- 
tion such that (j){x) > x for all x G (0,1). Suppose also that 0(0) > 0, 
0(1 — £:) = 1 for some < e < 1, and N = N{(j)) is determined by Lemma 
72^(m)- Then 

(1) crp(V^) \ {0} is a finite set. Moreover, CpiV^j,) = {0} IJl-^i; • • • 5 '^n), 
where A„ 7^ 0; 

N 

(2) EA„ = 1. 

n=l 



Proof. It is easily shown that G ap(V(f,). Using Theorem 13. 4[ we get 

00 111 
Dv,i\) = 1 + E ^nA", where = (-1)" / / . . . / dt^... dt,. It 

is easily shown that 0"~^(ti) < < 1. Since 0"(x) = 1 for > A^, it 
follows that y4„ = for n > N + 1. Therefore Dy^{X) is a polynomial of 

N 

degree and (1) is proved. Further note that Dv^{X) = 11 (1 ~ Thus 

n=l 

N N 

E An = E i = -A = 1. □ 

n=l n=l 

Let aj(x),/3j(x) G C[0, 1] (1 < i < n). By definition, put 

01 (x) 02(2:1) a„(x„_i) 

/3l''"'/3n 



, . . . , 



dXn ■ ■ ■ dxi. 



So I , . . . , °" I is a function of x. It is clear that 



A-i' A' A+i''"'/3nJ l/3i''"'A 



«! Q;i_i ai ^ 7j Oj+i a„ 

Pi ' ' A-i 'A «j ' A+i ' ' 

ai ai-i 7i aj+i q;„ 

1^1 ' A-l ' A ' Pi+l ' ' /3n 

The following lemmas are needed. 



(4.8) 
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Lemma 4.8. Let < £1 < £2 < 1 and 

{^piix), X G [0,£:i]; 
V'2(a;), xe [61,62]; 
ipsix), X e [£2, 1]; 

be a strictly increasing continuous function such thatilj{6i) = 6\ andi\)[62) = 
62- Let also = bo = cq = 1 and ak, bk, Ck, dk (k = 1,2 . . . ) be k-multiple 
integrals defined by 



Cfc :— < , , . . . , > , ctfc := 



£2 ^2 


^2 


61 61 


• • • ) 


1 i/j 




0' 0'" 


•'0/ 



Then 

n n—k 

dn = ^Ck^bian-k-i, n = l,2,.. 

k=0 1=0 

Proof. Using (14. 8p . we get 

" lo £2'o'---'oj lo' o'---' 

j 62 61 ij2 ij j 1 61 62 ^ 

^Ui' ^ £1' O''"' OJ ^ U2' ^£1 £2' o''"' 

= : Kn + Ln + Mn. 

By definition Kn = an. Further, again using (14. 8p . we get 

_ j £2 £1 'ipl V"! 1 f £^2 V^2 £1 ^"2 ^ 

"~ Ui' 0' J Ui' £1' ^ £1' o''"' 



bian-i + 



62 ^2 £1^1 ^1 1 I / ^2 ^"2 ^"2 £^1 ^2 ^ 

£l'£l' 0' O''"' J \£i'£i'£i' £i'0''"'0 



, , , , l'e2 V^2 ^2 V^2 V^l 

(1 (I ^ 



£1 £1 £1 £1 

1 61 ipi V^i 1 f 1 £2 ^2 ^ 
£2' 0' J Us'ei' ' o'"""' 

£2 £2 

cia„_i + CiL„_i + , + + ... 

£2 £2 £1 £20 

CiCn-l + CiL„_i + C2a„-2 + C2L„_2 



k=l 



1 ^JS IpS 61 62 1p3 ^ 

£2 £2 £2 £1 £2 

n n—l n n n—k 

Ck^n-k + CkLn-k = Ckan-k + Cfc bian-k-l- 

k=l k=l k=l k=l 1=1 



6 



Finally, we obtain 

n n n n—k 



dn = Kn + Ln + Mn = Cottn + ^ bkttn-k + ^ CkOin—k ~l~ ^ Cfc ^ blGn-k- 

k=l 

n n—k 



k=l k=l k=l 1=1 

n n—k 



-k-l- 

k=0 1=0 



□ 



Lemma 4.9. Let < e < 1/4, (3 > 1, and 

{X, xe[0,e]; 

e+{l-2sy-^{x-e)^, xe[e,l-e]- 

X, X G [1 — £, 1]; 

Then 

'^"•"\0' j" n\ + (n-1)! ^ 

(2) dn < const(e, (3)- — n = l,2, 
where const{e, (3) does not depend on n. 

Proof. Substituting tp^^i^ for ip{x) in Lemma 14.81 , we get fl4.9p . Indeed, 
it is easily proved that a; = q = || (/ = 0,1,... ra). By definition, put 

hi{x) := (1 - 2ef-^{x - eY , %l)2{x) := e + and 

M.):={*^...,M, i = 2,3,.... 



Then 6i_|_i(a;) = j bi{t)dt. It can easily be checked (by induction on /) 

e 

that 

r,._ {l-2ey-^--nx-er^''^-^^' 
^" + + + + ' 

Since 6; = 6^(1 — £:), we see that 

(4.10) 
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Using Lemma [4.8[ we get 



n n—k n n—l n n—l 

fin = ^ Cfc ^ kan-k-l = X] ^« Ckan-k-l = XI ^' X] 



^ k\(n-k-l)\ 

k=0 1=0 1=0 k=0 1=0 1=0 ^ ' 

Z=0 ^ ^ /=o ^ ' 1=0 ^ ' 

(4.11) 



Substituting fHTTUD for 6^ in fim]) we get (TO . 

(2) Taking into account the inequality of arithmetic and geometric 
means, we obtain 

(1 + /3) . . . (1 + /3 + . . . > 2/31/23/32/2 _ _ _ //3a-i)/2 = /!/3('-i)'/4, (4J2) 
Hence, 



Let be a number such that y^jzj < (ri|^) ^ > ^ example, 

N = [41og^ - 1)] + 2). Then 6/ < ^ for / > A^. Using fim]) . we get 
for n > 



/=0 



(n-/)! ^ '(n-l)l 



< 



< 



n! 



n! ^/!(r2-/)!V 2^ J ^ /!(n-n 

1=0 ^ ' ^ ^ i=7V+l ^ ' 



This completes the proof. □ 
Lemma 4.10. Let /3 > 1 and 



2/3-1 

, X G [0, 1/2]; J ipi(^x), X G [0, 1/2]; 

2'3-i(x-l/2)^ + l/2, xG [1/2,1]; U2(x), xG [1/2,1];' 



Let also = = 1 and a^, bk, and dk (k = 1,2 . . . ) be k-multiple integrals 
defined by 

^ . 1/2 ^1 ^1 1 /, = / 1 ^2 ^2 
ak. S Q , Q Q j>, Ofc . I ^^2' 1/2'---' 1/2 



d 



k 



1 

0' 



Then 

n 

(1) d^=Y,bian-u n = l,2,...; (4.13) 



z=o 



,/3 
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(2) dn<- , , n = l,2,.... 

n! 

Proof. Substituting 1/2 for ei and 1 for 62 in Lemma we get f l4.13p . 
Further, it is not hard to prove that ai = 61 = 1/2 and 

ai = bi = 2-' + 1) {/3^'^ + ■ ■ ■ + 1))"^ for / > 2. Now, by (glS]), 

< i^{i~i)i/4i\ and 

dn<Yl 



f-^ /3('-W4/! /3(n-/-l)(n-Z)/4(^ _ ;)! 



2 " n! -2(i-n/2)^-n^/2 + n /? 4 



□ 



Proposition 4.11. Let : [0,1] — > [0,1] &e a nondecreasing continuous 
function. 

(1) If (f){x) > X for X G (0,1) t/ien the order of Dy^{X) does not exceed 
1, and 

if it equals 1, Dv^{X) is of minimal type; 

(2) if for some < a < b < 1 



(x) > fa,b{x) :-- 



^x, X E [0,a], 

H^ + r^a^ xe[a,b], 



for X G [0, 1], then the order of Dy^{\) equals 0. 

Proof. (1) Taking into account Theorem 13.4^ we obtain Dy^{\) = 1 + 
(— l)"'^nA"', where An = Since 0(x) > x for each < 

n=l ^ ^ 

£ < 1/4, it follows that there exists (5 > 1 such that 0(x) > il)~^p{x). Using 
Lemma [4.91 we eet 



A — rl - 



1 


1 








•;)« 


0' 






1 






0' 


'■ 


■■' 



1 1 1 

(45)" 

< const{e, 13)- 



Therefore the order of growth of Dy^{\) does not exceed 1. Assume that 
the order of growth of Dy^{\) is equal to 1. Then the type of Dy^{\) does 
not exceed 4^ for each e < 1/4. Thus Dy^{\) is of minimal type. 
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(2) Since > fa,b{x) for some < a < 6 < 1, it follows that there 
exists /3 > 1 such that (f){x) > ipj^^{x). Using Lemma 14.101 we get 



11 11 11 1 



rp- /2+n 



J n\ 

Therefore the order of growth of Dv^,{\) equals 0. □ 

Theorem 4.12. Let cf) : [0, 1] — > [0, 1] he a nondecreasing continuous 
function such that > x for all x G (0, 1). Suppose that either 0(0) = 
or 0(1 — £:) 7^ 1 for all < e < 1 . Then 

(1) CpiV^f,) \ {0} := (Ai, . . . , Xn, • • • ) — is an infinite set; 



(2) lim E A„ = 1; 

(3) E l^n|^+' < oo for alle> 0. 



n=l 



Proof. Using Theorem 13 ■4[ we get Dv^{X) = 1+ E (— l)"^nA", where An = 

n=l 

|q, ^, . . . , It is easy to see that if either 0(0) = or 0(1 — e) 1 
for all < £ < 1, then y4„ > for n > 0. Therefore Dy^{X) is not 
a polynomial in A. Now we apply Proposition 14.111 (1). Suppose that 
the order of Dy^{X) is less than 1; then using Theorem 12.21 (ii), we get 

Dy {X) = n (1 ~ Since Dy (X) is not a polynomial, it follows that 



n=l 



oo oo 

U 

n=l n=l 

Dy {X) is equal to 1; then Dy (X) is of minimal type. Thus the spectrum 



oo and J2 = J2 — ~^iMo = 1- Now suppose that the order of 



of V(j, is an infinite set. Now, the application of Theorem 12.21 (i), (iv) yields 
(2). 

(3) follows from Theorem 12.21 □ 

Now we are ready to prove the main result of the paper 
Proof of Theorem 11.11 

(1) follows from Theorem 14.71 (1) and Theorem 14.121 (1). 

(2) -(3) follow from Theorem O (2) and Theorem KW (2)-(3). □ 

Theorem 4.13. Let : [0, 1] — > [0, 1] be a nondecreasing continuous 
function and for some < a < b < 1 



ix) > 



^x, X e [0,a], 

& + a:G[a,6], 



for all X e [0, 1]. Let also either 0(0) = or 0(1 — s) ^ 1 for allO < e < 1. 
Then 
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(1) o-piVcj)) \ {0} := (Ai, . . . , An, . . . ) — is an infinite set; 

oo 

(2) E An = 1; 



n=l 
oo 



(3) E < oo for alle> 0. 



n=l 



Proof. (1) follows from Theorem 14.121 (1). By Proposition 14.111 (2), the 
order of Dv^{\) equals 0. Thus (2) and (3) are implied by (ii) and (iii) of 
Theorem 12^1 □ 

Remark 4.14. {i) Suppose is a strictly increasing function and(j){x) > 
X for all X e (0,1)- Let also ^{x) E [0,1] and {^'{x))-^/'^ E L^[0,1]. We 

claim that ^ Si. Indeed, let c := ^/ (0'(s))^/^c/s^ and let and 
he linear operators defined on L2[0, 1] hy 

X X 

{WM^) = f {<P\t)fl'f{t)dt, {T^f){x) = f{c [ {^'{s)Y/'ds). 



ors 



It can easily be checked (see f^-f^) that and are bounded operat 
and cV, = T-'W^T^. Hence, (see J^) Sn{W^) > \\T4-'\\T^'t\snicV^) = 
mn\T^'\\-'cj^. Further, 

<l>{x) 1 X 1 

iv^v;f)ix)= J J f{s)dsdt = j <p\t) j f{s)dsdt = {w^w;f){x). 

0-1 (t) t 

Thus Sr^iV^) = s^iW^) > \\T4-^\\T^^\\-^c^^. Hence, ^ 

{ii) Since ^ Si, it follows that the matrix trace of an operator is 
not defined. Hence we cannot use fl2.2p - fl2.3p to prove Theorem \4-13\ (2). 
Nevertheless, fl2.2p - fl2.3l) hold for K = and the orthonormal basis {en}^=i 
defined by: ci = 1, e2n '■= e^™^ and e2n+i := e~^™^ (n = 1,2, . . . ). Indeed, 

oo 

since E ^ = ^ forxE (0, 2n), it follows that 

1 



n=0 { 



1 1 
+ I / AT ±11 dx + / — — ^- dx 



n=l 



1 oo 1 







,/ \ r / sm(27ra(0(x) — a;)) , 

(t){x)dx + > / — ^ -dx 

^-^ ' Tin 



' , ^ fl (tt - 27r(0(x) - x)) ^ 

'{x)dx + / -dx = 1. 

J TT 2 
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1 

Further, J x{4'{x) — x)dx = 1. Thus formulas fl2.2p - fl2.3p hold. This con- 



oo 

trasts with the fact that ^ {VxCn, e„) = oo. 

n=0 

(Hi) Theorem \l.l\ states that the spectral trace of an operator always 
equals 1. This also contrasts with the fact that an operator Vx is quasinilpo- 
tent. 

To estimate the spectral radius ^(V^) of the operator we recall (see 

[H]) some results on integral operators with nonnegative kernels. Let 
1 

{Kf){x) = J k{x,t)f{t)dt and k{x,t) > for {x,t) e [0,1] x [0,1]. If 



there exist a > and a nonnegative function / such that {Kf){x) > af{x) 
for X e [0, 1], then r{K) E crp{K) and r{K) > a. 

Proposition 4.15. Let (p : [0, 1] — > [0, 1] be a strictly increasing continu- 
ous function such that > x for all x G [0, 1] . Set also crp(V^) = {Xn}n=i 
{u < oo). Then 

(1) r{V^) > max{<f){x)-x), r{V^) e ap{V^). 

a;G[0,l] 

Let also 0(0) = 0. Then u = oo and 

oo 1 

(2) EA^ = 2/0(t)t/t-l; 

n=l 
oo 1 

(3) j:K = ^-^um-\t)dt. 

n=l 

Proof. (1) Let fa{x) = 1 — x(a — x), a G (0, 1) then 

Wa){x) = 1°' t-Vl'^l ^ ^^^^^ - 

[0(x) - a, [0 \a), 1] 

and (1) is proved. 

(2), (3) It is easy to check that (p^^^x) is well defined and 



{Vlf){x) = j x{^\x)~tmx)-r\t))f{t)dt=: j Ux,t)f{t)dt. 



1 ipix) 1 

iV^f)ix) = j X{<p'{x)-t) j {ct){s)-r\t))dsf{t)dt=: j h{x,t)f{t)dt. 

</,-2(t) 

Further, ^2(2;, t) and k^{x, t) are continuous functions on [0, 1] x [0, 1]. Hence, 
G Si and Vj^ eS-^. Now if we recall (O, we get 

11 1 

J2^l= k2{t,t)dt= {(f){t) - (t)-\t))dt = 2 / (j){t)dt-l, 
n=i i i i 
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1 *Kt) 



f2^l = Jh{t,t)dt^ j j {ct>{s) - ct>-\t))ds 

'T'— 1 n n j._9/j.\ 



^-2(t) 



i 1 

= j {(f){t)(f)'^{t) - 2(f)-\t)(f){t) + (f)~\t)(f)-\t)) J (f){t)(f)-\t)dt. 



□ 

Example 4.16. Let 4>{x) = a;" (0 < a < 1). It can be proved by direct 
calculations that 

111 



L'y^„(A) = l + 5^(-l)"A"y J ... J dtn...dt. 



t' 



" ^ 2^^~^)"^\l_Q;)...(l-Q;n) =11(1- (1 - q;)q;"-i j ■ 

n=l \ / \ / n=l ^ ^ ' ' 

Hence, apiy^'^') = {{l—a)a"'~^}'^^^ and each eigenvalue ofV^c^ is of algebraic 



oo oo 



multiplicity one. Further, Y1{1 — a)a'"' =1 and ^ ((1 — ctja" ) 

n=l n=l 

^ < OO for each £ > 0. 
5. Some generalizations. 

5.1. The following Lemma can be proved by direct calculations. 
Lemma 5.17. Let A be a compact operator defined on a Hilbert space S^. Let 

k 

also ^ = and Ai :— PiA : S)i — >■ S)i, where Pi be an orthoprojection 

i=l 

i 

in S) onto Sji. Suppose that {©^j}f=i is invariant for A; then 1/A is an 
eigenvalue of A of the algebraic multiplicity m > 1 if and only if 1/X is an 

k 

eigenvalue of Ai of the algebraic multiplicity > and ^rrii — m. 

i=l 

Proof. The proof is omitted. □ 

Theorem 5.18. Let (f) : [0, 1] — > [0, 1] be a strictly increasing continuous 
function. Let also {x : (f){x) — x, x e (0, 1)} = {ai}^~i, where < ai < 
• ■ ■ < Qk-i < 1 {k >2). By definition, put oq := 0, Uk :— 1, and 

(f)i{x) := {(p{x{ai - aj_i) + ai_i) - aj_i)/(ai - aj_i), 1 <i<k. 



Then 



_ fi+ g(-Ar{;,;^, . <j),{x)>xforxeio,iy, 

■ — \ n=0 ^ ■' 

, (l)i{x) <xforxe (0, 1). 
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k 

(1) 1/A G crp(V^) if and only if H -Dy^^((ai - aj„i)A) = 0; 

(2) the algebraic multiplicity of the eigenvalue 1/A zs equal to the multi- 

k 

plicity of X as a root of the entire function Yl Dy^ ((oj — aj_i)A). 

i=l 

Proof. By definition, put := Iv2[0, 1], S^i := L2[aj_i,aj] and 

[0, a; [aj_i,ajj; 
A:=r^, Ai:=P,A]^^, 

j f{x), xe[ai_i,ai]; A . 

Tj : <^ /((Oi -ai_i)x + ai_i), : i^. 

0, X [ai^i,ai\; 



It follows easily that ^ •^i(= -^2[0, o-i]) is invariant for A and 

^ . ./(a;), X G [ai_i,ai]; ^ J / f{t)dt, x e [ai_i,ai]; 



0, X ^ [oj-i, a 

^ X G [aj_i, a, 



0, x^[ai_i,aj]; 



T;-^ : fix) ^ f )' - - J— -J' ^ T, : i3 ^ io. 

[0, X [ai-i,ai\; 

TiAiT'^ = (ttj - ai^i)V^^. 
The application of Theorem 13.41 yields 

1/A G ap(Ai) ^ 1/A G (Tp((ai - ai-i)V"^J ^ Dy^^Hai - ai_i)A) = 0. 
The applying of Lemma 15.171 completes the proof. □ 

Corollary 5.19. Suppose 0(x) satisfies the conditions of Theorem \5.18{ 
and mes{x : 0(x) > x, x G [0, 1]} > 0. Set also Cp^V^) \ {0} = {Xn}n=i 
(1 < (jj < oo). Then 

(1) u < oo if and only if 0(0) > 0, 0(1 — e) = 1 for some < e < 1 and 
0(x) > X for all X G (0, 1); 

(2) lim A„ = mes{x : 0(x) > x, x G [0, 1]}. 

|A„|>e 

Proof. (1) follows from Theorems \4.7\ H7T^ 15.181 
(2) By definition, put 

Q := {i : 0(x) > x for x G [flj-i, flj]} = : 0j(x) > x for x G [0, 1]}, 

^piy<pr) ■= {Ka}n=l^ 1 < W < CX), i 
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By Theorem KW 



By Theorem 1^1 

Hm Xin = 1. 

Ai„|>£ 

Thus 



hm A„ = ^^(0, - ai_i) hm A^n 

A„|>£ ieSl |Ai,i|>e 

= ^^(oj — flt-i) = mes{x : > x, x G [0, 1]}. 



□ 

Remark 5.20. is interesting to note that the case of nonincreasing func- 
tion (f) can be more multifarious. In particular, if (j){x) is a strictly decreasing 
continuous function such that 0(0) = 1, 0(1) = and (j){(j){x)) = x then 
is a selfadjoint operator in L2[0,l]. For example, ap{Vi-x) = { ^2n+i)TT }n'=i 

and > ^ , A = -t = o = mes\x : 1 — x > x\ . 

^ (2n+l)7r 7r 4 2 L — J 

ra=l 

5.2. In this subsection we consider an operator defined on -Lp[0, 1] 
(1 < p < 00). 

Let Ai be a bounded operator defined on Banach space Xj {i = 1,2). 
Recah that Ai is said to be quasisimilar to A2 if there exist deformations 
K : Xi ^ X2 and L : X2 -> Xi (i.e. M(^ = X2, kerK = {0}, 
M(Z) = Xi, fcerL = {0}) such that A^L = LA2 and KA^ = A2K. It is 
clear that (7p{Ai) = o-p{A2). 

Proposition 5.21. Let : [0, 1] — > [0, 1] be a strictly increasing continu- 
ous function such that 0(0) = and 0(1) = 1. Let Ai denote an operator 
defined on Lp[0, 1] {I < p < 00) and let A2 denote an operator defined 
on I/2[0, 1]- Then Ai is quasisimilar to A2, and hence ap{Ai) = ap{A2). 

Proof By definition, put K := : Lp[0, 1] i^2[0,l], L := : 
L2[0, 1] — )■ Lp[0, 1]. It is clear that K and L are deformations and AiL = 
LA2, KAi = A2K. □ 

4>{x) 

5.3. Now we consider the operator {y^^q^wf){x) := q{x) f f(t)w(t)dt 



defined on L2[0, 1]. 

The proof of the following theorem is similar to the proof of Theorem 
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Theorem 5.22. Let : [0, 1] — [0, 1] be a nondecreasing continuous 
function such that (j){x) > x for all x G (0, 1). Let also q{x),w{x) G 1^2 [0, !]■ 
Then 

11 1 

= 1 + 5^ (-1)"A" / I ■■■ I q{ti)w{t,)...q{tn)w{tn)dtn...dti. 

Corollary 5.23. Let the conditions of Theorem \5. 2^ hold and q{x)w{x) > 
for a. a. x E [0, 1]. Then c'"p(V0_g^^) \{0} is a finite set if and only if (t>{0) > 
and 0(1 — e) = 1 for some < e < 1. 

Acknowledgments. The author wishes to thank Professor J. Zemanek 
for setting the problem. 
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